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In this article, we propose a new method for the selection of control system hardware (sensors and actuators) for distributed
parameter systems. The proposed design scheme seeks to minimize the capital cost of hardware while satisfying predefined
performance constraints. Within this minimum capital cost framework, three design scenarios will be discussed; the closed-
loop full state information actuator selection problem, the open-loop partial state information sensor selection problem, and
the closed-loop partial state information simultaneous sensor and actuator selection problem. The proposed method will be
illustrated through application to a nonisothermal tubular reactor example. © 2011 American Institute of Chemical
Engineers AIChE J, 58: 2705-2713, 2012
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Introduction

The appropriate selection of hardware (sensors and actua-
tors) will have a dominating impact on control system per-
formance. That is, the quality of information gathered along
with the ability to influence the process is likely more
important than the control algorithm used for regulation,
assuming a reasonably designed regulator. As such, an enor-
mous body of literature exists on the subject of hardware
selection. Early efforts focused exclusively on sensor selec-
tion by defining a quantitative measure for information qual-
ity. For example, Johnson' and Muller and Weber® both
focused on selecting a sensor array to maximize the observ-
ability of a finite-dimensional dynamic process. Additional
hardware selection efforts aimed at finite-dimensional
dynamic systems include Mellefont and Sargent,” Morari
and Stephanopoulos,” Romagnoli et al.,’ Bagajewicz,’
Chmielewski et al.,” Muske and Georgakis,8 Alonso et al.,’
Singh and Hahn,'® and Peng and Chmielewski."'"'? The topic
of control structure selection could also be considered a
hardware selection effort. A small sampling of this literature
includes Morari et al.,'”> Hovd and Skogestad,'* Narraway
and Perkins,'® Lee et al.,'® Loeblein and Perkins,'” Cao and
Rossiter,'® Wisnewski and Doyle,19 Heath et al.,20 and van
de Wal and de Jager.21 Many of the hardware selection
efforts focus on distributed parameter (or infinite-dimen-
sional) dynamic systems. A sampling of these efforts include
Yu and Seinfeld,”> Kumar and Seinfeld,”® Harris et al.,>*
Morari and O’Dowd,?> Van de Wouwer et al.,”° Faulds and
King,27 Antoniades and Christoﬁdes,28 and Armaou and
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Demetriou.”” In the survey paper by Kubrusly and
Malebranche,®® the infinite-dimensional methods are classi-
fied as early or late lumping to denote when the spatial dis-
cretization step occurs within the procedure. In the late
lumping cases, the infinite-dimensional representation is
retained throughout the design phase, and discritization is
used in the last step to arrive at a finite-dimensional control-
ler. The current effort would be classified as an early lump-
ing procedure, as it begins with a spatial discretization step
to arrive at a finite-dimensional approximation of the pro-
cess, from which a finite controller is designed for candidate
hardware configurations.

In the following section, a method is illustrated for
conversion of a distributed parameter model into a form suit-
able for the proposed hardware selection approach. Then, the
hardware selection optimization problems of Peng and
Chmielewski'> are adapted to the new model structure.
Given this hardware selection context, the tubular reactor
example is developed in detail. Then, the important step of
augmenting the process model with actuator dynamics and
an appropriate disturbance model is illustrated. Finally, a set
of tubular reactor case studies is presented to illustrate the
parametric data needed, the types of solutions one should
expect, and the computational effort required.

System Modeling

Consider the following partial differential equation (PDE)
description of a generic distributed parameter system.

0¢ .

55 = L&+ A(S)E + Bs)u+ G(s)o 1
where s € [0, 1] and ¢ € [0, co) are the spatial and temporal
coordinates, respectively, L is a linear differential operator
with respect to s, £(s, ) is the infinite-dimensional state, u(s, £)
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is the manipulated input, and (s, ) is the disturbance. In this
section, and without loss of generality, we assume &(s, 7) is a
scalar function with boundary conditions of the form

M é(s™. =&, i=1..m for all t )

where M ; are differential operators and sl(»h) are the condition
locations. Next assume the inputs take a finite-dimensional
decomposable form and can be represented as

ny

us.t) = > 8" (ui(t) 3)

ny,

= Z gEW) ($)w;(1) 4)

=0 (s — sl(k))

is the input

This class includes the point-wise form; ggk)(s)
where 0(s) is the Dirac delta function and s,
location, k = u or w.

Regarding measurements, again assume a finite-dimensional
decomposable form

1
0:(t) = / ggy)(s)é(s, Nds+vi(t) i=1,...,ny Q)

0

where 0; is a scalar measurement signal and v; is the noise
assocrated with sensor i. This class also includes a point-wise
ey — W »)
form; g;'(s) = 6 (s — s;7’) where s, is the measurement
location, which srmplrfles Eq. 5 to 0; (t) =¢ (s, ), 1) + vi(o).
It will also be convenient to define a set of performance
signals (;(#). These have a form similar to that of the
measurements

1
4,-(:):/ e ()5, 0ds i= 1,0, ©)
0

In the sequel, the definition 0(z) = [0, (1) 02(f) ... 0, (r)]"
and {(1) = [{1() () £,.(1)]" will be utilized.

Assume (s, f) is spanned by a series of trial function
pi(s) and, thus, may be expressed in the following form

= 3 pie() )
i=1

The functions p;(s) can be selected as the eigenfunctions
of £L; or may be any complete set on the interval [0, 1].
Without loss of generality, we assume that each p;(s) satis-
fies the boundary conditions of Eq. 2. To obtain a finite-
dimensional representation of (s, ), define EMN(s, 1)

&(s,0) ~ &M (s,0) =D pilo)lo) ®
i=1

Following the standard Galerkin approach,®' = we evaluate
(pi» Ryy =0 for 1 = 1,...,N where the inner product (p;, p;) is
defined as fo pi(s)p;(s)ds, @(s) is an appropriate weight-
ing functlon(N)and RN 1s the residual function defined as:
Ry(s, 1) = %5 — LN — A(5)E™) — B(s)p — G(s)w. Follow-
ing the algebra through, one arrives at the following finite
dimensional description
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dx

E:AerBquGw 9
where x = [x;(t) x2(8), ..., xy®]", = [ (w(0), ... u,_lu(t)}T,
W= [ (Owa(D)s oo wa (] A = M "A, B = M'B, and

G =M'G. The elements of M, A, B, and G are m;; = <p,, P))
(i is the row and j is the column throughout), a; =
<p/7 (Ls +A) p1> blj_ PpBg’z )>’ and g; = <pj7gg1 )>~ If
pi(s) are orthonormal eigenfunctions of L; (i.e., Lsp;(s) =
2ip;(s) and ¢@(s) is defined such that (p;, p;) =J;;, where 0;; is
the Kronecker delta function), then M will be the 1dent1ty
matrix and a; = 4:6;; + (p;, Ap;). If the system has pointwise
inputs, then b; = qo(s}"))pi(sj(-"))B(s_;")) and g; = (p(s}“’))x
pl-(sj(w))g(s;w). Returning to the measurement and perfor-
mance outputs, one finds

O~y=Cx+v (10)
{~z=Dx (11)
where y = [yl(t)yz(t),...,y,,y(t)] and v and Z are 51m11arly

defined. The elements of C and D are ¢; = fo g, s)p;(s)ds

and dj; = fol gfz>(s)pj(s)ds. If the outputs have a pomt wise

form then, ¢;; = pj(sl(y)) and d;; = pj(sgz)). It is important to note
that the multitude of integrals required to determine the
matrices A, B, G, C, and D need only be performed once for a
given set of trial functions p,(s) and desired accuracy N.

Covariance Analysis and Hardware Selection

Given the above system description, it is a simple matter
to apply steady-state covariance analysis. Start with the
open-loop system (i.e., u(tf) = O for all #), and let w be a
Gaussian zero mean, white process with spectral density S,,.
Then the steady-state covariance of x is X, > 0 such that
A, +Z A" + GS,G" = 0. The steady-state covariance of z
is £, = DX.D”. Next, define ¢; as the ith row of an appro-
priately sized identity matrix to determme the steady-state
variance of the scalar signal z,(f) as 02 = ¢;DZ, DTqST

In the closed-loop full state 1nformat10n (FSI) case u(t) =
Lx(t), where L should be selected such that (A + BL) is
stable In this case the steady-state covariance of z;(¢) is

= d)DZ DT¢! i, where X, > 0 satisfies (A + BL)X, +

X(A + BL)' + GS, GT = 0. Also the steady-state variance
of uit) 1s glven by o2 = ¢LE.L'$T. As in Chmielewski
and Peng the attendance of an actuator is indicated by the
performance bound qb,-LZXLTq,’)l-T<oc,-ﬁl-2, where o; = 0 or 1
indicates the absence or presence of actuator i, respectively,
and #; is largest standard deviation allowed for actuator i.
Then, given actuator costs, c ’ and a set of performance
bounds on the output signals, a <z i=1...n,, one may
formulate the following FSI actuator selection problem.

- S ()
s.t. ODEDT Pl <22, i=1,....n,
GLELT ¢l <2, i=1,...,n,
(A+BL)Z, + 2, (A+BL)" +GS,G" =0

12)

The mixed integer nonlinear program (MINLP) of Eq. 12
can be converted to the following computationally attractive
form of a mixed integer convex program (MICP) (see
Chmielewski and Peng™ for details).
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ny,
S eay

min
0;€{0,1},X>0,Y i=1

s.L. ¢:DXDT Pl <22, i=1,...,n,
=2
oL U Y
TMIT ” >0, i=1,..,m
Yol X

(AX + BY) + (AX + BY)" +GS,.GT< 0 (13)

If «/*, X*, and Y* denote the solution to Eq. 13, then a
feasible controller under the actuator configuration o;* can
be obtained as L = Y#(X*) !

In the open-loop partial state information (PSI) case, the
measurement signal, y = Cx + v, is used to construct an
estimate, Z, of the performance output z. If w and v are
Gaussian zero mean, white processes with spectral densities
S, and S,, then the optimal estimate of z is Z = DX where x
is generated by the state estimator

X =A%+ Bu+2,CT2 (y — C#) (14)
where 2, > 0 satisfies

AT, + X AT +GS,GT - 2.CTS]ICE, =0 (15)

Recalling that X, is the steady-state covariance of the
error signal e(¢) = x(¢) — X(¢), one finds that the steady-state
variance of the error output signal, e, = z, —Zj, 18 af =
$:DE.D"$!. As in Peng and Chmielewski,'? the attendance
of sensors is indicated by the matrix S,' = diag{f;/7; }
where 02 is the noise spectral density assomated with sensor i
and f;; = 0 or 1 indicates the absence or presence of sensor i,
respectively. Then given sensor costs, L< 0) along with a set of
error variance performance bounds ¢2 < &%, i = 1...n,, one

can formulate the open-loop sensor selectlon problem as follows

el EH
s.t. ¢;DZ, DT<]§ <éti=1,..,n,
AX, + 2 AT + GS,,GT — EeCTS;lCEe =0
S, ! = diag{$;/a; } (16)

The MINLP of Eq. 16 can be converted to the following
MICP (see Peng and Chmielewski'? for details)

~ P
ﬁ,e{(r)r.lll}r}ww 1;1 ¢ b
e oD
s.t. T >0, i=1,...,n,
DTyl W
CTS;ICc —ATW —WA WG
>0
GTW st
S, = diag{;/7}} (17)
In the closed-loop PSI  case, u(r) =Li(),

af’_ = ¢,DX.D" ¢}, and aﬁi = ¢;L(Z, — Z,)L"p! where T, >
0 is from Eq. 16 and X, > 0 now must satisfy

A, +Z AT £ BL(Z, — %) + (T, — Z)L'BT +GS,GT =0

(18)

The simultaneous sensor and actuator selection problem
may be formulated as
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. (v
Ae{ol}/:,e{ouz i oc,+Zc

x,>0,2,>0,L
st. ¢DID'PI <2, i=1,...,n,

GL(Z, — Z )L PT< i, i = 1,....m,

st = diag{,B,-/&f’_}

A, +Z AT +BL(Z, - %) + (Z, — =, )L'BT
+GS,G"' =0

AT, + 2 AT +GS,GT - 2,C7S'CE, =0

19)

The MINLP of Eq. 19 can be converted to the following
MICP (see Peng and Chmielewski'? for details).

ny

min e ) cx,+2c

%€{0,1},4,€{0,1}, i
X>0,W>0,Y

s.t. ¢DXDT Pl <22, i=1,...,n,
S;t =diag{p;/ar}, i=1,....n
[ o2 Y 0
Yol x 1]>0, i=1,..n
Lo 1w
(AX 4 BY) + (AX + BY)" +GS,G" <0
[CTs;'C—ATW — WA WG
I G'w St

(20)

If o, %, X*, W#*, and Y* denote the solution to Eq. 20,
then a feasible controller under the sensor and actuator
configuration o;*, ;% can be obtained as L = Y*(X* —
(W*) "', As indicated in Peng and Chmielewski'” addi-
tional variations of the hardware selection problem may be
defined (mostly notably the PSI actuator selection problem
and the closed-loop sensor selection problem). However,
each is a special case of the simultaneous sensor and actua-
tor selection problem.

Tubular Reactor Example

Consider a nonadiabatic tubular reactor of length L and
radius R in which an elementary, irreversible, exothermic, and
liquid phase reaction A — B takes place. Diffusion of heat
and mass (coefficients & and D) are considered in the axial
direction but are ignored in the radial. The reactant A enters
with concentration ¢, and temperature Tj, and travels with a
velocity v throughout the reactor length. The reactor is cooled
by a jacket (transfer coefficient /) in which the coolant is
maintained at a constant temperature 7,,. Under these assump-
tion, the dimensionless balance equations for mass and energy
are (see Kumar and Seinfeld? for additional details).

g P o¢

EfW—P % —kar(&,n) 2D
817 1 9%y on’ /
it LeW_Pha + kikor (& n') + ks(n, — 1) (22)

where &' = ¢/Cn, W =T/Tin,s =1L, t =1 D/L?, Pe,, = Lv/D,
Pe, = pvC,Llk, Le = Pey/Pe,, k =L*ye /D,
ky = (—AH)Cin/pCpTin, k3 = 2hL*/pC,DR, ks = Ep/R;Ti,
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Figure 1. Steady-state concentration and temperature
profiles.

Dimensionless Length

My = Ty /Tin, and (&
conditions are %V/ = Pe,,(& — 1) and %i;

1) = Eexplks(1 — 1/1")]. The boundary
=Pey(f —1)ats=0
and & ‘k =0 and 5'7 =0 at s = 1. As in the example of Kumar
and Semfeld 3 the following parameter values are used P =
Pe, = Pe, =5,k = 0.875, k, =0.5, k3 = 13.0, k4 = 25, and
nw = 1. The resulting steady-state concentration and
temperature profiles (i’ (s) and &(s)) are shown in Figure 1.

Variation in the inlet concentration is assumed to be a dis-
turbance. Although this will result in nonhomogeneous
boundary conditions, they can be considered in a homogene-
ous way by simply adding d(s)&," to Eq. 21, where
é;n = Cin/Cin (see Ray31 for details). Variation in the dimen-
sionless activation energy, k4, is also assumed to be a dis-
turbance. As for manipulated inputs, we assume the avail-
ability of two types. The first is the ability to change the re-
actor inlet temperature, resulting in the addition of d(s)n;,’ to
Eq. 22, where ), = Tin/Tin. In addition, we assume the abil-
ity to change the dimensionless heat-transfer coefficient, ks,
at various points along the reactor.

REMARK: On-line changes to the overall heat-transfer
coefficient or available transfer area can be achieved by
numerous mechanisms (for example, mechanical movement of
insulating material or fin orientation). However, under the
scenario of a constant temperature cooling jacket (which sug-
gests phase change in the jacket fluid), such changes will have
little impact on the transfer rate. A more realistic scenario
would assume no phase change, which would require, at the
very least, a model with axial temperature dependence within
the cooling fluid (and most likely within the solid material of
the transfer wall). While application of the proposed method
on such a system is straightforward, the simpler (albeit less
realistic) system is sufficient for illustrative purposes.

On linearization around the steady-state profiles ¢'(s) and
i’ (s) one arrives at the following linear PDE system.

o0& P& o¢
5 = o Fag, TAnC A+ Bt Goo (23)
0 o2 0
87 :3—;27* ’7+A215+A2211+Bw+92w (24)

with boundary conditions % =P¢ and a_” Pnats =0 and

% :(3 and_%z =0 at s = 1, where &=¢&(s,1)— ?(s),
n=n'(s,t)=1'(s), Ay = —kiFe(s), A = —kiry(s),

Aoy = kikare(s), Ay = klszn(s) — ks, e(s) =

Or(&n) = _ or(&n)

]agin 5,4'7],’;1(S) - r(l}gr’ﬂ E’,ﬁ/,
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By =[00]
= [0(s) n(s)]
w= [ ks(s)]"

where 1, =i’ — 1.

= [0(s) = kar (&, 7) (1 = 1/17)]
= [0 kikor (&, 77') (1 = 1/17)]
o = [&n ksl
where &, = ém — 1. The eigenvalue problem: L;p = Ap

(where £, = & — P2 and? ‘9" = Pp at s = 0 has the following
solution, Ray

Aj=—(a+P/4), j=1,..,00 (25)

. P
p;(s) = Hjep“/2 <cos(ajs) + z—sin(ajs)>, j=1,...,00
a;
(26)

where 4;, p; are the eigenvalues and eigenfunctions, respec-
tlvely If the inner product is deflned as (0irp;) =
f e~ p,(s)p;(s)ds and the boundary condition % F=0ats=1
is enforced then one finds that p; will be an orthonormal
sequence if a; and H; satisfy

Pa;
[;111(61]-):7127 j:L...,OO (27)
a: —(P/2)
1 » 5y -l2
H; = {/ <cos(a/-s) +—Sin(ajs)> dS} yJ=1,.,00
' 0 ' 2a;
(28)
Next define
N v
SUCHEDPEIGING (29)
i=1
N
M (5,00 ="« (0)py(s) (30)
i=1
where x (t) and x; ")gt) are determmed from & 9 =Ax+Bu+ Gw
where x = [x(9 RO I, 9 = [ ) xgg) s )] and 1 =
L0 YT In this case,
A An
A= 31
|:A21 Azz] Gb

where the elements of A;; are al = 2i0jj — <pj,k1rcp,> Ajn
are a; <pj,k11,7p18, A,y are a2' = <pj,k1k2rgp,> and A,»
are a;? = 20 + (p;, (kikary — k;)pl>

The vector of manipulated variables is
= [uy()ur (), ..., 1,1 (£)]" where u,(r) changes the reactor
feed temperature and u(7),...,u,,—i(f) change the heat-
transfer coefficient at various locations along the length of
the reactor. In this case

B Bn
B =
{321 322]

where B;; = 0 and B, = 0. The elements of B,; and B,, are
bi*' = pi0) and b2 = (p;, ﬁ’g](.”)). Assuming the heat-transfer
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Figure 2. Standard deviation profiles with shaping filters.
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coefficient can change only over a finite region of the
reactor area, the corresponding actuators will take the
following form

(low)

g@(s):{l if 5| SsSsE“”}
! 0 otherwise

(hi)

i

where s
become

< 5! is assumed. Thus, the elements of B,

(hi)

SI
b} = /
g S(_mw)

J

e pi(s)if (s)ds

The disturbance vector is w = [w,(t) wx(1)]?, where w,(?)
and w,(7) represent changes in feed composition and activa-
tion energy, respectively. In this case

Gn Gn
G =
|:G21 Gzz]

where the elements of Gy1, G2, G2y, and G, are g} = p;(0),

8l = (po —kir(@, )1 = 1/1), ¢i = 0 and g} = (p,

kikor (&) (1 = 1/17')). ,
The set of available measurements is defined by y = [y(é)T

y(n)T]TWherey(&:) = |:y§§) [ yﬁli)i| andy(r” = |:y<1)1) PR }’%}
In this case
_{Cu O
C= { 0 ng] (32)

Assuming the measurements of concentration and temper-
ature are point-wise, the elements of C;; and C,, are

1 _ ,—ps% (629) 22 —ps" (ym) (¢
¢ =e % pi(sy) and ¢ = e pi(s;") where s;
!
g s
=R \
S0 - O
3 \
=] \
'.a \
AN
Z 10} N
~
~
~
L " ~
10° 10' 10°

frequency (rad/dimensionless time)

Figure 3. Bode diagram of reactor without shaping filter
(input w4 and output temperature at s = 0.1).
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Figure 4. Power spectral densities of disturbance inputs.

and sgy " are the locations of each measurement. The per-

foma e_output is defined as_z = [z(é)T 2T where
P :Tzf - zfﬁ} and z = [z<1'7> - z,g"?} In this case

o D]] 0
D_[ 0 Dn] (33)

) 28
and the elements of D, and D», are dli-l =P pj(sf‘O) and
(en) : 2 : .
dl-zj2 =P pj(sl('")) where s?") and s? " are the locations of
interest.

Filtering of the Input Signals

In the above formulation of the tubular reactor model, the
disturbance inputs are assumed to be white noise and the
actuators are assumed to respond instantaneously. The fol-
lowing will illustrate the use of shaping filters to arrive at
more realistic models. If the disturbance signal is the output
of a first-order system t;X; = —x; +w where x; is the dis-
turbance, 17 is its correlation time, and w is Gaussian, zero
mean, white noise with spectral density S,,, then the variance
of xy will be Xy = §,,/21. For characterization purposes,
assume the availability of off-line direct measurements of
the disturbances. Using this measured data one can estimate
the variance and correlation time of x; (see Bendat and Pier-
sol®). If these estimates are denoted ﬁf and 7y, then our
model of the disturbance, a shaping filter, should be defined
as fp¥y = —xy +w where the spectral density of w is set to
Sw = 27;Zs. This particular form of the disturbance shaping
filter allows one to easily analyze the impact of correlation

0.14 0.07
=001 N |- - 1=0.01
0.12 a 0.06 a
ur = = =17=0.1 = - = =1=0.1
5 01 ! S 005 !
5 Tn=5 g ’cu=5
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a fa
= g 0.03
=} o3
- E 0.02
& & 5
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Dimcnsionl'(;ss Length
Figure 5. Standard deviation
response-time.
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profiles with actuator
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Figure 6. Standard deviation profiles for example 1
(performance bounds and closed-loop from
case 1).

time on the output signals of the reactor. Consider the case
of w, = 0 and w; = x; with flf = 0.5. Figure 2 shows the
steady-state standard deviation profiles of the reactor for
various values of %y. The case of 7, = 0.001 is nearly
identical to that of the white noise case (at this point we
drop the " notation). When 1 = 0.05, the standard deviation
profiles increase significantly. However, when t; is further
increased (to 5) the standard deviation decreases. To under-
stand why this peak near 1, = 0.05 occurs, begin by consid-
ering the Bode Diagram of the reactor without a shaping
filter, depicted in Figure 3 (w; as the input and temperature
at s = 0.1 as the output). The resonant frequency at 40 rad
can be attributed to the two dominant eigenvalues of the
A matrix of Eq. 31. Now consider the power spectral density
plots of x; with varying correlation times (Figure 4). These
plots indicate the amount of power sent to the reactor as a
function of frequency (when w; is set equal to xp). It should
be noted that the total power of each is the same, due to the
fact that X, was set to 0.5 for all cases. In the cases of 1y =
5, most of the power is in the low frequencies, and barely
activates the resonant frequency of the reactor. In the 7 =
0.001 case, most of the power is moved to frequencies
higher than the resonant but then is attenuated away by the
reactor. The 1, = 0.05 case strikes balance by sending

Table 1. Performance Bounds and Solutions for Example 1

s <02 s2>02 Solution (s) Minimum Cost
Case 1 79 0.11 0.055 {u,) $300
Z 0.055 0.0275
{um Ll]}
Case2 79 0095  0.0475 ?’ ”zi $550
0 0.0475  0.0238 o, U3
{um Ll4}
{tto, 1,12}
{uto, u1,u3}
) {tto, uy, s}
Case 3 #9 0070  0.035 {utp, uy, us} $800
zZin0.035 0.0175  {u,,up,uz}
{tto, a, s}
{uto, uz, us}
B {um up, MZ}
Case 4 z9  0.06 0.03 {ttg,uy,uz} $800
zZi0.03 0.015 {1y, 1z, u3}

Table 2. Solutions for Example 2

Ta Solution (s) Minimum Cost
0.01 {u,} $300
0.1 {up,ur } $550
{M”, u2}
1.0 {M],Mz,u3} $750
{ur,up, us'}

enough power to the high frequencies to activate the reso-
nant frequency, but not so much that it gets attenuated away.
The primary conclusion is that the frequency characteristics
of the disturbances will have a large impact on plant per-
formance and should be considered as an important part of
process modeling.

To capture the response-time of the actuators it will be
assumed that a command u must pass through a first-order

filter, t,x, = —x, + u, before impacting the process. Con-
sider the 7, = 0.05 and Xy = 0.5 case of the previous para-
graph and assume u, = x, and u; = 0,i =1, ..., n, — 1. If

a FSI linear quadratic regulator is applied (with Q = [ and
R = 1), then the standard deviation profiles of Figure 5 will
result. As 1, is increased, the standard deviation profiles
increase. At 7, = 5 the profiles are nearly identical to that of
the open-loop case, indicating that the slow response-time of
the actuator is enough to make it completely ineffective.

In the next section, it is assumed that both disturbances
are shaped by a first-order filter with 74 = 0.2 and Xy = 0.5
and 7, = 1 and Zp = 1.5. In addition, the first actuator will
be assumed to have a first-order response-time (7, = 0.01)
while the other actuators u;, ..., u,,—; will be assumed to
respond instantaneously. To incorporate into the finite
dimensional model, the previous A matrix should replaced
with

A Ap Gy G2 B
Ay Ap Gy G By
A= 0 0 —1/‘Ef1 0 0 (34)
0 0 0 —1/1{,02 0
0o 0 0 0 —1/z

Similarly, B and G should be replaced with

0 Bnp 0 0
0 By 0 0
B = 0 0 |G= |1/t 0 35)
0 0 0 I/sz
1/, 0 0 0

In addition, both C and D will receive three additional
columns of zeros. Finally, recall that S,, should be set to

21,12 0
Sy = |7 (36)
0 2tp¥p
Table 3. Sensor Parameters for Example 3

Type Cost oy,
Vi Concentration $50 0.01
V2 Concentration $200 0.001
y3 Temperature $15 0.01
V4 Temperature $80 0.001
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Table 4. Solutions for Example 3

Minimum

e, Solutions (s) Cost

Case 1 0.03 {ys @5 =0.00} $80
{3+ @0.05}
{vs @0.10}
{ys @0.15}

Case 2 0.02 {ys @ s = 0.0} $80

Qs = )y Q5 =
Case 3 0.01 {yz Qs 0.05,)4 Qs 000 $360

y4 @s=0.05}
{y, @5 =0.05,y, @s=0.00,
Y4 Qys= 010}

Case Studies

In this section, the three hardware selection problems will
be illustrated using the tubular reactor example. All of the
MICP problems of this section were solved using in-house
developed branch-and-bound routines written in Matlab. The
semidefinite programming subproblems called by these rou-
tines were solved by the “mincx” function provided in the
Matlab robust control toolbox. All examples were solved on
an Intel Pentium Dual CPU T300 at 2.00 GHz with 3.00 GB
memory. In all cases, the performance outputs represent 100
evenly spaced locations along the length of the reactor, for a
total of 200 output signals. In addition, five eigenfunctions
were used in the spatial discretization step, resulting in a
total of 10 state variables in the finite-dimensional model. A
rerunning of the examples with 20 eigenfunctions gave iden-
tical solutions. A summary of problem size and computa-
tional effort for all four examples is given in Table 6.

ExampLE 1. We begin with the actuator selection MICP of
Eq. 13. The cost of actuator zero (inlet temperature) is $300
with a maximum standard deviation iz, = (0./. The location for
the remaining actuators (the heat transfer manipulations) is
defined as: s\ =0, s = s = 0.1, s! = sglow =0.2,
Sghl) _ S(low) _ 03, Sihl) _ sglowf: 04’ Sghl) - Sélow) _ 05, S(6h1)
= 0.6. Each of these six actuators has a cost of $250 and a
maximum standard deviation of 0.3 (i; = 0.31=1,...,6). The
open-loop standard deviation profiles along with the perform-
ance bounds for the first case of the example are depicted in

0.2 0.1
‘ =+ Open Loop
Performance Bound
0.08 - = — Estimati
wr (015 = Estimation Error
2 3
£ £ 006
4:’; 0.1 g
?u g 0.04
2 =}
g g
@ 0.05 @n
0.02
- I~ ~ - .
0 - = - CH PR 0 R .
0 0.5 1 0 0.5 1

Dimensionless Length

Figure 7. Estimation error standard deviation profiles
for example 3 (performance bound and esti-
mation error for case 3).

Dimensionless Length

Figure 6. The performance bounds for all four cases of this
example are given in Table 1.

The solution to case 1 is to simply purchase actuator zero
(manipulation of the inlet temperature). The three remaining
cases illustrate the impact of tightening the performance
bounds (all other parameters are unchanged). In case 2, it
is observed that actuator zero is no longer enough to meet
the performance requirement. As such four optimal
solutions result, each using actuator zero and one other. It is
interesting to note that u,, us and u,, ug are not feasible for
this case. In case 3, a similar situation arises, but this time
three actuators are required. In case 4, the optimal cost is
the same as case 3, but the set of optimal solutions is
smaller.

The closed-loop performance using the actuator of case 1
and a feasible controller is also depicted in Figure 6. The
closed-loop performance of all other cases resulted in similar
plots. It is interesting to note that in case 1 the active
constraint appears to be on the temperature profile at s = 0.
It is presumed that an imposition of only this constraint
would have resulted in identical solutions. However, this
observation would have been impossible before obtaining the
solution. For example, the constraint at s = 0.2 on the con-
centration profile could have also been active, if a slightly

Table 5. Performance Bounds and Solutions for Example 4

s <02 s>02 Solution (s) Minimum Cost
Case 1 79 0.011 0.055 {up,u1,y, @ s = 0.0} $630
z(n) 0.055 0.0275 {uty,u1,ys @ s =0.05}
{uto, u1,ys @5 =0.10}
{up,uy,y4 @s=0.15}
{tp,u2,y4 @5 =0.0}
{uto, up,y4 @ 5 = 0.05}
{up, u2,y4 @ s =0.10}
{up, 2, y4 @5 =0.15}
{tty, u3,y4 @5 = 0.0}
{up, u3,y4 @5 =0.05}
{up, u3,y4 @ s =0.10}
Case 2 79 0.095 0.0475 {ug, uy, y4 @ s = 0.0} $630
z(n 0.0475 0.0238 {10, U1, y4 @ s = 0.05)
Case 3 79 0.070 0.035 {ug, uy, tz, y4 @ s = 0.0, 0.05, 0.1} $1,040
() 0.035 0.0175 (g, uy, s, y4 @ s = 0.0, 0.05, 0.15}
Case 4 79 0.06 0.03 {uo, 1y, s, 13, y4 @ s = 0.0, 0.05} $1,210
1) 0.03 0.015
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Table 6. Summary of Problem Size and Computational
Effort

Number of Linear

Matrix Inequality Solution Number of
Problem Variables Time (s) Iterations
Example 1; case 1 175 48 2
Example 1; case 2 175 158 11
Example 1; case 3 175 220 16
Example 1; case 4 175 285 12
Example 2; case 1 175 47 2
Example 2; case 2 175 127 9
Example 2; case 3 175 222 20
Example 3; case 1 111 1737 20
Example 3; case 2 111 1543 20
Example 3; case 3 111 364 2
Example 4; case 1 286 5193 1264
Example 4; case 2 286 123,510 1393
Example 4; case 3 286 108,880 1228
Example 4; case 4 286 50,006 564

different case set-up was considered. These observations
along with the four cases of this example illustrate the
importance of selecting performance bounds and their impact
on the obtained solutions.

ExampLE 2. In this example, the impact of changing the
time-constant, 7,, of actuator zero is illustrated. Assume
all parameters are identical to case 1 of Example 1. If T,
is changed from 0.01 to 0.1 (essentially slowing the
response time of actuator zero), then it will require the
assistance of u; or u, to meet the performance require-
ments (see Table 2). If 7, = 1.0, then actuator zero
becomes so slow that it is not even included in the
optimal solution.

ExampLE 3. We now turn to the sensor selection MICP
of Eq. 17. Regarding concentration sensors, two types are
available, one with low precision and one with high
precision, denoted y; and y,. Similarly, two temperature
sensing types are available, one with low precision and
one with high precision, denoted y; and y4. Table 3 lists
the cost and noise spectral density for each. At each
location any of the follow four sensors may be placed.
The set of available locations is s = 0.0, 0.05, 0.1, 0.15,
and 0.2.

Concerning the performance specification, the same esti-
mation error standard deviation is required for all 200 out-
puts; the values used for the cases of the example are given
in Table 4. In case 1, four optimal solutions are available,
all using the high precision temperature sensor, y,4, but at dif-
ferent locations. Case 2 tightens the performance specifica-
tion and results in only one of the four solutions from
case 1. If the specification is tightened further, case 3, then
the optimal solution requires three sensors, one concentration
and two temperature. Figure 7, illustrates the relationship
between performance bound and the resulting estimation
error.

ExampLE 4. We finally turn to the simultaneous sensor
and actuator selection MICP of Eq. 20. The cases of Table
5 are identical to those of Example 1, with the exception
of assuming a PSI structure. The set of available sensors is
identical to Example 3. While resulting actuator selections
show trends similar to Example 1, in general the number
of selected actuators is increased. It is also noted that the
only sensor selected in all cases is the high precision tem-
perature sensor. It is presumed that a significant reduction

2712 DOI 10.1002/aic
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in sensor cost parameters would result in the selection of
many sensors, to the point of gathering information at
levels similar to the FSI case. Under such a scenario one
would expect the actuator selections to be very close to
Example 1. However, this scenario of extremely low cost
sensors is expected to be atypical. Thus, the primary bene-
fit of the simultaneous selection problem is that it will
determine the appropriate balance between sensor and actu-
ator cost.

Conclusions

It has been shown that the minimum cost sensor and actu-
ator selection methods of Peng and Chmielewski'” can be
applied to the distributed parameter systems. The illustrated
methodology is to apply a spatial discritization method, such
as the Galerkin approximation, to a linearized version of the
infinite dimensional plant. The resulting finite dimensional
model can then be readily applied to the hardware selection
procedures. The importance of component dynamics and dis-
turbance modeling was also highlighted.
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